A GENERALIZATION OF THE RIESZ THEORY OF COM-
PLETELY CONTINUOUS TRANSFORMATIONS(?)

BY
LAWRENCE M. GRAVES

The classical theory, due to F. Riesz, of completely continuous trans-
formations deals with a family 7, =I—cK of linear continuous transforma-
tions of a Banach space X into itself, where I is the identity and K is com-
pletely continuous. The transformation T is then one-to-one, except for the
“proper” values of ¢. In this paper we consider cases where the one-to-one-
ness no longer holds. The identity transformation I is replaced by a trans-
formation E which maps X onto the whole of another Banach space ), but
not one-to-one. Then when K is completely continuous, the transformation
T.=E—cK maps X onto § except for a countable set of proper values c;
which have no finite accumulation point. When ®,=T.X>%), ¢ is said to be
a proper value for K. We can no longer iterate the transformation T, but we
can apply T, to E-'T X and obtain a linear closed space W, CW,. After a
finite number of repetitions of this process, we find a space B, =L,41. Then
T. transforms E-', onto W,, which takes the place of the invariant sub-
space of the Riesz theory.

In the one-to-one case, there is associated with the transformation I —cK
a resolvent R,, which has a pole of order » at a proper value ¢, and the
Laurent expansion of R, about ¢, leads to a decomposition of K into two
mutually orthogonal parts. In the many-to-one case, the adjoint transforma-
tion TF is one-to-one except when ¢ is a proper value, but the range of T*
varies with ¢, so that it is not possible to define the order of a pole of the
resolvent in the usual way. However a substitute definition has been found,
as well as a decomposition K =G+ H, where G has only one proper value ¢,
and H has only the remaining proper values of K, and H is semi-orthogonal
to G in a suitable sense.

1. Notations and definitions. We shall let ¥ and ) denote Banach spaces
of infinitely many dimensions, with complex scalars. The adjoint spaces of
¥ and 9 will be denoted by X* and §* respectively. Two subsets ¥, of ¥ and
%o* of X* are said to be orthogonal in case x*(x) =0 for all x in %y and x* in %¢*.
The orthogonal complement of a subset %X,, denoted by O¥X,, is the maximal
set X¢* orthogonal to %,. Itis easily seen that O%, always exists (possibly void)
and is a linear closed set. A corresponding statement holds for O%¢*.

A linear transformation A mapping ¥ into 9) has an adjoint A* mapping
P* into X*, defined by x*=A*y* where x*(x) =y*4x for each x. We shall
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deal only with continuous linear transformations 4. Such a transformation
A is said to be completely continuous in case the transform A(¥,) of every
bounded set %, is compact (in the sense that every sequence (y,) chosen from
A(%,) has a convergent subsequence).

We shall use the letter E to denote a linear continuous transformation
mapping ¥ onto the whole space ), and shall use K, G, and H to denote com-
pletely continuous linear transformations of X into §. We also set T, =E —cK,
where ¢ is a complex parameter. When it is convenient to set ¢ =1, we shall
write T for T..

A projection P is a linear continuous transformation of X onto a closed
linear subset %o, which equals the identity on %,, i.e., P?=P.

For a given linear continuous transformation 4 of X into ) we shall set

B4, y) = glb. [||4]|| 4% = y]

for each y, and
I(4) = Lub.[8(4, y) | y € 4%, [|s]] = 1].

When the transformation A4 is one-to-one, obviously I(4) =||4-1|. (We are
admitting + « as a value for ||4-1]|.)
We shall use %(A4) to denote the null space of 4, that is

N(4) = [x] 4z = 0].

Similarly N(4*) denotes the null space of 4*.
2. Preliminary lemmas.

LeEMMA 1. If %, is a finite-dimensional linear subspace of X, with basis
{ X1, v v, x,.}, there exist n elements x* of X* such that x*(x;) =08.j, and
P(x)= D%, x*(x)x; is a projection of X onto %o. A similar result holds for
X*CE*, with Q(x*) = D, x*(x:)x*.

The first part follows at once from the Hahn-Banach theorem, and the

second part follows from more elementary considerations. Note that if the
sets {xl, <, x,,} and {xl*, <, x,.*} are the same in the two cases,

then Q=P*.
LEMMA 2. For each linear closed subspace %o of X, 00%, = %X..

This follows from the lemma in Banach [1, p. 57]. The corresponding
result for subsets X¢* of X* does not hold in general, as Banach shows in
[1, p. 115]. However, by an easy proof we have

LEMMA 3. If X is a finite-dimensional linear subspace of X*, then OOX¢*
"—“%o*.

Lemma 4. If {xl*, cee, x,:"} is a basis for X¢*, x*(x;) =0 and
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P(x) = D", x*(x)x;, then % is the direct sum of O%X* and the finite-dimensional
space PX.

To prove this, we observe that x—P(x) is always in O%¢*, and that if x
lies in O%¢*, then Px=0.

LeEMMA 5. 4 linear transformation A of % into ) is (completely) continuous
if and only if its adjoint A* is (completely) continuous.

Proof. This follows from Theorems 3 and 4 in Banach [1, p. 100]. To
show that 4 is completely continuous whenever A* is, we note that A4 **,
when restricted to %, reduces to 4, so by Theorem 4 of Banach, 4 transforms
bounded sets in ¥ into sets in §) which are compact in **. But 9 is closed
in P**,

LEMMA 6. The range AX of a linear continuous transformation A of X into
Y is closed if and only if I(A) < =.

Proof. When A¥ is closed it constitutes a Banach space, so the necessity
of the condition follows from Banach [1, p. 38]. To see that the condition is
sufficient, suppose y,=A4x,, and lim y,=y. By choosing a subsequence we
may suppose that ” Vg1 — y,.” <1/2" Then after x, has been suitably chosen,
%.41 may be modified (still satisfying y,11=A4%,41) so that ||x,.+1—x,.”
=I(A)/2" Hence the modified sequence (x,) has a limit x, and Ax, converges
to Ax=y.

COROLLARY. If AX is closed, and lim Ax,=Ax, there exists a sequence
(xn ) such that Ax, =Ax, and lim x, =x.

Proof. From the definition of I(4) we may choose x, so that 4(x, —x)
=A(x,—x) and ”x;.’ -—x”§(I(A)+1)||A(x,.—x)”. (Compare Banach [1, p.
40, Theorem 4].)

LEMMA 7. If A is linear and continuous, A% is closed if and only if A*P*
is closed, and then A*P*=0N(4), AX=0N(4A*), where N(A) and N(4¥)
are the null spaces of A and of A*.

For the proof, see Banach [1, pp. 149, 150, Theorems 8 and 9].

LEMMA 8. If A is linear and continuous, then A maps X onto the whole of the
space ) if and only if A* has a continuous inverse. Likewise A has a continuous
inverse if and only if A* maps 9* onto X*.

For the proof, see Banach [1, pp. 146-148, Theorems 1-4].

LEmMMA 9. If %, and % are two closed linear subspaces of X, %X, being finite-
dimensional, then X,+4%, (the linear space spanned by %, and %,) is also closed.

This is readily proved by induction on the dimension of ¥,.
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LeEMMA 10. Suppose %X, and X, satisfy the conditions of Lemma 9, and also
that ¥,+%,=2X. Let E be a linear continuous transformation of X onto the whole
of 9. Then EX, is closed.

Proof. The space ¥;=E~1E¥%, equals X,+ %, where X,CZX,, so ¥; is closed
by Lemma 9. Let E; denote the restriction of E to ¥;. Then clearly I(E;)
<I(E). By Lemma 6, I(E) < =, and by the same Lemma 6, E;X;=E%X, is
closed.

3. Proper values of a completely continuous transformation. In this sec-
tion we develop some properties of the family of transformations 7. = E —cK,
described in §1. A complex number c¢ is called a proper value of K in case the
range of T, is a proper subset of §), or equivalently, in case T¢* does not have
an inverse.

In case c=1 is a proper value, the null space N* =N(T*) is not null, and
the range W, =TX ). We set M* = E*N*, and define 3, as the maximal sub-
space of ¥ satisfying E8,=,. This is the start of an iterative definition of
four sequences of linear spaces N*, V¥, Wi, Bk, by means of the relations

TR C M, (N maximal),
M = EMNF,
Wi = TBx_1,
E3; = W, (8, maximal).

It is obvious that
%k* D mk*-—l, mk* D Slnk*—b
B C By, Bk C B

THEOREM 1. The spaces N and MF are all finite-dimensional, and LWy
and B are closed, and W= ONF, Br=0IM:*.

Proof. Let 8 be a bounded subset of N*. Then E*B=K*PB is compact,
since K* is completely continuous. Since E* has a bounded inverse, 8 is com-
pact. Thus N* is finite-dimensional, since every bounded subset is compact.
(See Banach [1, p. 84, Theorem 8].) If IM;*, is finite-dimensional, then RN*
is also. To show that B, =T% is closed, we shall show that T*9* is closed,
and apply Lemma 7. Since %;* is finite-dimensional, there is a projection P
of 9* onto N*. If T*y.* tends to x*, we may assume Py,.* =0. If the sequence
(y¥) is bounded, we may (by choice of a subsequence) require that K*yz*
converges, say to x*. Then E*y.* tends to x¢*+x{* which must equal E*y.* for
some y¢¥, since the range of E* is closed by Lemma 7. Then by Lemma 8,
v.* tends to y¢¥, so K*y*=x*, and T*y*=x¢*. The sequence (y.*) must be
bounded, since if ”y,,*” tends to infinity, the sequence yf,=v.*/ ||y,.*” satisfies
the preceding conditions with x¢*=0. Hence we would have y}, approaching
yo*t with ”yo*” =1, P(y&) =0, T*y&=0, and so y¢*=P(ys*), which is a con-
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tradiction. Thus T*Y* is closed, so W;=T% is closed, and 3,=E"'W, is also
closed. Lemma 7 yields the further information that L8, =0N,*, and it follows
readily that 3,=0I*.

Now suppose that 8,=0I*. Then 3; is closed, and since IM* is finite-
dimensional, ¥ is the direct sum of 8; and a finite dimensional space, by
Lemma 4. Now T maps ¥ onto the closed space B, so W1 =T8; is closed,
by Lemma 10 with %; replaced by Bi, E by T, and § by ;. Then By
=FE~'®41 is also closed and by a sequence of steps the relations RNF,,
=011, Wi =0NF,1, Brya=0M},, are readily obtained. This completes
the induction.

THEOREM 2. There exists a least integer v such that B,,1=W,, and then
Byir =W, for all k.

Proof. From the preceding theorem and the fact that N* and M* are in
one-to-one correspondence, it is clear that ;.1 =BW,, B,1=38,, N*.=N*,
MF, . =M* all happen for the same index ». We make the proof by consider-
ing the nondecreasing sequence of finite-dimensional spaces M. If My,
#= M* for every k, there exists a unit vector x5, E M}, , whose distance from
IM* is unity. For each k there is a point y*EN* with E*y*=x%, ||y
<I(E*). Then when m>k, xp—x¥*=FE*yk—E*y*=T*yk—T*y*+K*y}
—K*y*, and T*EEMh ., T*y* EMELCME L, so || K*yk— K*y#|| =1 while
|ly#|| is bounded, which contradicts the complete continuity of K*.

We note that the space 8, is mapped onto B, by both E and T. This pair
of subspaces replaces the invariant subspace of the classical theory of Riesz.

We remark also that if we consider the sequence of spaces defined by the
relations:

b =NT), M= ENy,
TSﬁk-q-l C 9)21,, (Snk.;.l maximal),

we may have R 1= N for every k. For example, let X and 9 be classical
Hilbert space, and let the transformation y = Ex be defined by y;=x,s while
y =Kx is defined by

Y1 = Xy Y2 = X5 — X Yire = Zipd/ (4 + 4).

Then a basis for Ny is composed of 8y, 83, 84, a1, + - - , ax, where §; has only its
ith component different from zero, a; has its ith component equal to 1/(z—1)!
except the first four, which are zero, and Ea;=Ta;,;.

THEOREM 3. Let (c;) be a sequence (finite or infinite) of distinct proper values
of K. Let M*D denote the null space of T::f, and let WD =T X. Let [yl
i=1, - - -, k;| be a basis for N*D. Then the functionals y, are finitely linearly
independent, and there exists a system [yi;] of elements of ) such that:

(a) for each j, WD and [yij|i=1, - - -, k;] span the space );
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(b) ¥i(yes) =8aby; for 1=j;

() yi; lies in WD for 1<7;

(d) the elements y;; are finitely linearly tnuependent.
Proof. Suppose

n

k; *
2 D aiyi = 0.

jum1 gl
Then
n—1
0= Z Z (E — CnK )auyu

J=1 ¢

n—1
= E* Z (1 - _> Z auym

jem1

and since E* is one-to-one, this gives a relation involving only #—1 of the
spaces N*(). Hence by descent we arrive at a contradiction. By Theorem 1
for k=1, and Lemmas 1 and 4 we obtain (a) and (b) for j=1, /=1. Suppose
that the system [y;;] has been determined so as to satisfy (a), (b), and (c) for
j<n. Then the intersection 8™V of WM, - - . | W=V is the orthogonal
complement of the union of M*M, . . .  N*(»—1 and since the ¥} are linearly
independent, there are points ., in BV such that (b) holds for I=j=mn.
Property (a) holds for j=#, by the same argument as before. Property (d)
follows at once from (b).

THEOREM 4. The proper values of K have no finite accumulation point.

Proof. Suppose (c.) is a bounded infinite sequence of distinct proper
values. Let &,* be the space spanned by N*®), . . . N*®™_ Then (&%) is a
properly increasing sequence of finite-dimensional linear spaces, so each &.*
contains a unit vector ,* at unit distance from &,%;. The sequence (c,v.*)
is bounded, so (c,K*v.¥) is compact. If y* is in N*D, THy*=E*(1 —c/c;)y*,
which is zero if c=c¢j, so

(1) 7', C E'Sy s
Now for p>gq, let

v = ll6sK" 0y — K0y = || E"y — Thpy — E'v; + Toadl,
so by (1)
= ||E*o ¥ — E*u*|, where u*isin®},; and [lo* — w¥| =

Since the inverse of E* is bounded, by Lemma 8, this contradicts the compact-
ness of (c.K*v*).
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Since the range of 7* may vary with ¢, we state properties of the inverse
of T} as follows.

THEOREM 5. If ¢y is not a proper value of K, and (c,) and (y.*) are sequences
such that lim c,=co, lim Tly*=xd*, then y.* tends to the unique solution yg*
of Tey*=xe*. Consequently if T¥y*(c) =x*(c), and x*(c) is continuous (differ-
entiable) at co, then y*(c) is continuous (differentiable) at co.

Prcof. Suppose first that (y,*) is bounded. Then lim (Tgy.*—TXy*) =0
so lim Ty.*=x¢*, and hence lim y*=Rx¢*, where R is the inverse of Ti. If
lim ||y =, set v.=9*/||y¥|. Then lim T}v*=0, so by the first case
lim v.*=0, which is a contradiction.

With the help of the last theorem we see that a necessary and sufficient
condition for ¢, to be a proper value of K is that there exist sequences (¢,) and
(¥} such that:

(a) lim c,=cy,

() [lyH| =1,

(c) lim TXy*=0.

This suggests the following definitions:

(I) ¢= = is a singular value for K in case there exist sequences (c,) and
(¥.*) such that (a"), (b), and (c) hold, where (a’) means: lim ¢, = .

(II) cois a proper value of order u for K in case u is the maximum order of
vanishing of T*y*(c), where y*(c) is a polynomial in ¢, not vanishing at c,.

THEOREM 6. If c=1 is a proper value for K, it is a proper value of order v,
where v is the integer given by Theorem 2.

Proof. It is readily verified by induction that K* (as well as E*) maps
Ne* onto Mi* one-to-one. Denoting by D the operation of differentiation with
respect to ¢, we have

D*T&y*(c) = TXD*y*(c) — kK*D*19*(c).

Hence if c=1 is a proper value of order u, there is a polynomial y*(¢) such
that 0=y*(1) EN*, and by induction D*¥y*(1) ER*,— Ni* for & <u. Hence
p=v. To show that p=v», we set y*(c)= D>, (c—1)i-1p}*, where n*EN*
—Nr, and Ti¥n}=K*n¥,, so that no 9#=0, and T*y*(c) = — (c—1)’K*p,*.

We next consider a decomposition of K relative to a proper value, which
we take for convenience to be ¢=1. In view of the definition of the spaces
N*, there exists a basis [0]7i=1, - -, ps; =1, - - -, »] for N* such that
[02|j=1, <+, piyi=1, -+ k]is a basis for N*, and moreover

(2) (E'— KM0i1;=E" for j=1, -, pani=1-+-,v— L

Note that when the basis [6}] is displayed by columns, the index i ranges
from 1 to ¢;, and j ranges from 1 to p,. Choose 7;; from 9 so that
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(3) 0is(ner) = Badi,

and set

0i(y) = Z'IO:;(y)nm 0=30,

j=1

*, * LLR *
0iy) = 29 ()65
1=1 -
(4) Gi=0,K, G=2.G;, H=K-¢G.
j=1
Then clearly Q* projects §* onto N¥, and QF projects 9* onto the subspace
of N¥ corresponding to a single proper vector 8}; by means of the relations (2).

THEOREM 7. The decomposition of K given in (4) has the following proper-
ties:

(a) each G; has only one independent proper vector 03, which corresponds
to the proper value c=1;

(b) G has only the proper value ¢=1, and the null-spaces N* for G are
the same as those for K;

(c) ¢= = is not a singular value for G;

(d) ¢=1 is not a proper value for H;

(e) Gfy*=0 for every y* satisfying E*y* =G ¥y* for some yi* and some j =1,

(f) H*y*=0 for every y* satisfying E*y* =G*y* for some y*;

(g) if ¢ is a proper value for K and c#1, then c is a proper value for H, and
conversely.

Proof. If (E*—cG*)y*=0, it follows from (2) and the fact that E* is
one-to-one that y* is a linear combination of 6%, - - -, 6; ;, and by another
application of (2) that ¢=1 and y* is a multiple of 8};. This proves (a). To
prove (b), we observe that Q* projects 9* onto N*, and from (2) that K*
maps N* onto IN* one-to-one, so G* maps P* onto IM,*, and G*=K* on NF*.
Thus if (E*—cG*)y*=0, y* is in N, and (c—1)E*y* =¢(E*—G*)y*=c(E*
—K*)y*, so if ¢#1, y* is in N*,. Proceeding by descent, we finally find
y*=0. The remainder of (b) follows readily. If we suppose that c= = is a
singular value for G, there must exist sequences (¢,) and (y,*) with lim ¢, = «,
||y,.*|| =1, lim (E*—¢,G*)y.*=0. Since the sequence (E*y.*) is bounded,
(caG*y.¥) is likewise bounded and lies in the finite-dimensional space I¢.*,
s0 we may suppose that it converges to a point x* in I¥. Then x*=E*y*
where y* is in N¥, and since E* has a continuous inverse, lim y*=y*, so
lly*l=1. But lim G*y*=0=G*y*, and since G* gives a one-to-one cor-
respondence between N.* and -IN*, we have y* =0, which is a contradiction.
This proves (c). To secure (d) we observe that if 0=(E*—H*)y*=(E*
—K*)y*+G*y*, then y* is in N,* since G*y* is in M, so H*y* =0, E*y*=0,



1955] COMPLETELY CONTINUOUS TRANSFORMATIONS 149

y*=0. We next prove (e) and (f). If E*y*=G*y{*, we have from (2) (setting
82;=0)

(5) Z yl(ﬂu)(ou - z—l.r)’

since E* is one-to-one, and
* %k
(6) ,yx = E yl(n.,)K 0:;.

So by (5) and (6) and (3),

* * * * *x
E E yl(’lu) [au(’lml) 0i-1,;(nm1) ]K Omi=0;K y,

=1 m=1

and hence H*y* =0. Property (f) follows immediately. Finally, to prove (g),
we observe that if ¢#1, y*0, and (E*—cK*)y*=0, G*y*=E*y*, where
yi* is in N¥, and so H*y* =0, by (f). Hence

0 =E*y* — oG*y* — cH*y* = E*y* — cE*y¥ — cH*y* + ctH*y
=(E* — cH*)(y* — oyi).

Now if y*=cy* we would have 0=(E*—cK*)y*=(E*—cG*)y*, and this
cannot happen for ¢#1 by part (b) of the theorem. So ¢ is a proper value of
H. For the converse, let (E*—cH*)y*=0 with y*>£0. Then y* is not in N.*,
and there is a finite sequence y¥, - - -, ¥, such that G*y*=E*y¥
(E*—K*)y*=E*y}  fori=1, - - -, k—1, each y*is in N¥, y* is in N*, and
)

k
(E* — cK¥) (y* +3 y) E* [— et (1= S agt 4o z a.ym]
$=1

=1

The expression in square brackets vanishes if (1—c)oy=c, (1 —c)a;= —coiy
fore=2,--. k.
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